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Abstract

We study the ALT algorithm [19] for the point-to-p oint
shortest path problem in the context of road networks. We
suggest improvemerts to the algorithm itself and to its
preprocessing stage. We also develop a memory-e cien t
implementation of the algorithm that runs on a Pocket PC.
It stores graph data in a ash memory card and usesRAM
to store information only for the part of the graph visited by
the current shortest path computation. The implementation
works even on very large graphs, including that of the North
America road network, with almost 30 million vertices.

1 Intro duction

Finding shortest paths is a fundamenal problem with
numerous applications. There are seeral variations,
including single-source, point-to-p oint, and all-pairs
shortest paths. The single-sourceproblem with non-
negative arc lengths has beenstudied most extensively
[4,6,7,8,15, 16,17, 18, 20, 25, 30, 38, 41]. For this prob-
lem, near-optimal algorithms are known both in theory,
with near-linear time bounds, and in practice, where
running times are within a small constart factor of the
breadth- rst seard time.

In this paper we study another commonvariant, the
point-to-p oint shortest path problem on directed graphs
with nonnegative arc lengths (the P2P problem). We
are interested in exact shortest paths only. Unlike the
single-sourcecase, where every vertex of the graph must
be visited, the P2P problem can often be solved while
visiting a small subgraph. Therefore, we measurethe
algorithm performance in an output-sensitive way, in
terms of its e ciency : the ratio betweenthe number
of vertices scannedby the algorithm and the number of
vertices on the shortest path. We allow preprocessing,
but limit the sizeof the data computed during this phase
to a (moderate) constart times the input graph size.

The P2P problem with no preprocessinghas been
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Figure 1: An exampleof ALT algorithm running on the
road network of the Washington state and surrounding
area. Grayscale levels indicate road network density.
Highlighted area represens vertices actually visited.
Landmarks are represerted by diamonds, and the v e
clear onesare active. This is a relatively hard instance.

addressed, for example, in [24, 34, 36, 42]. While
no nontrivial theoretical results are known for the
general P2P problem, there has been work on the
special caseof undirected planar graphs with slightly
superlinear preprocessingspace. The best bound in
this context (see[11]) is superlinear in the size of the
output path unlessthe path is very long. Algorithms
for approximate shortest paths that use preprocessing
have been studied; seee.g. [5, 26, 39]. Previous work
on exact algorithms with preprocessingincludes those
using geometric information [21, 28, 40], hierarchical
decomposition [35], and landmark distances[19]. We
take the latter approad, which is simple, applies to
a potentially wider range of problems (as it needsno
geometricinformation), and allows quick preprocessing
(and therefore can handle very large graphs). Figure 1
illustrates our version of this algorithm.



Visiting a small portion of the graph not only im-
provesthe running time of the algorithm, but suggests
an external memory implementation. One can keepthe
graph and preprocessingdata in secondarystorage(e.g.,
disk or ash memory) and the data required for the vis-
ited portion of the graph in main memory (RAM). This
approad is interesting becausesomeapplications work
on large graphs, run on small devices, or both. Mo-
bile or handheld GPS deviceswith automatic routing
capability are good examplesof such applications.

The shortest path problem has also been studied
in the external memory cortext, where the goal is to
minimize the number of blocks read from secondary
storage. Hutchinson et al. [23] presen a data strucbure
that supports queries on planar graphs with O(' n)
block reads per query, but the preprocessing data
requiresO(n'"®) space. The single-sourcg3, 31] and all-
pairs [2] versionsof the problem have also beenstudied,
but these variants require looking at the whole input.
In our case,we needto look only at part of the input,
and assumethat the relevant data for this part will t
in the primary memory. Therefore, we must make sure
this part is as small as possible.

The goal of the work presered in this paper is to
test and advancethe state of the art in P2P algorithms.
We engineeredan external memory implemertation of
the ALT (A seard, landmarks, and triangle inequality)
algorithm of [19] for a Pocket PC with graph and
landmark data stored in ash memory. We tested it on
seweral road networks, including one of North America
(NA) with almost 30 million vertices. We are not aware
of any previous implementation that solves the P2P
problem on small deviceson instancesof this size

The cortributions of our paper that make this
possiblefall into two categories: generalimprovemerns
and a memory-e cient implementation.

In the rst category, we suggestsomemaodi cations
to the ALT algorithm that improve its performancein
general, and not only in the external memory case.
During preprocessing, the ALT algorithm selects a
set of landmarks and precomputes distances between
ead landmark and all vertices. Then it usesthese
distancesto compute lower bounds for an A seard-
based shortest path algorithm. Our most interesting
cortribution allows us to dynamically adjust the set
of active landmarks, those that are actually used for
the current computation. We also suggestnew overall
landmark selection strategies and introduce pruning
technigues that further reduce the seard space. This
improvesboth the average-and worst-caseperformance
of the algorithm. Note that the worst caseis especially
important becauseif a larger portion of the graph is
visited, the primary memory capacity may be exceeded.

Section 6 describestheseimprovemerts in detail.

Our second major cortribution is a memory-
e cien t implementation of the ALT algorithm. Careful
engineeringis required to obtain practical results due
to memory limitations and to the low speedof the ash
card interface. We usespace-e cient data structures in
combination with cading, data compression,and hash-
ing, asdetailed in Section7.

The experimental results, preseried in Section 8,
show that our Pocket PC implemenrtation can answer
random P2P queries on graphs with about a million
vertices in lessthan 10 seconds. For local queries, the
time is one or two seconds,and does not depend much
on the input graph size. The implementation alsosolves
random problems on the road graph of North America
in minutes. The current bottleneck is reading the data;
any improvemert in this area will have a signi cant
impact on the overall performance.

2 Preliminaries

The input to the preprocessingstageof the P2P problem
is a directed graph G = (V;E) with n vertices and m
arcs, and nonnegative lengths " (a) for every arc a. The
main algorithm also hasasinputs a sources and a sink
t. The goalisto nd a shortest path from s to t.

Let dist(v;w) denote the shortest-path distance
from vertex v to vertex w with respectto . In general,
dist(v;w) 6 dist(w; V).

A potential function is a function from vertices to
reals. Given a potential function , the reducad cost of
an arc is dened as ™ (v;w) = “(v;w) (V) +  (w).
Supposewe replace” by * . Then for any two vertices
x and y, the length of ewvery x-y path (including the
shortest) changesby the same amourt, (y) (x).
Thus the two problems are equivalert.

We say that  is feasibleif = is nonnegative for all
arcs. The following facts are well-known:

is feasible and for a vertext 2 V we
(v) dist(v;t).

Lemma 2.2. If ; and , are feasible potential func-
tions, then max( 1; »2) is a feasible potential function.

Lemma 2.1. If
have (t) O, thenfor anyv2V,

The rst lemmaimplies that we can often think of (v)
asalower bound on the distancefrom v to t. The second
allows usto combine feasiblelower bound functions into
a function that is also feasible,and whosevalue at any
point is at least as high as any original one.

3 Labeling Metho d and Dijkstra's Algorithm

The labeling method for the shortest path problem [12,
13] nds shortest paths from the sourceto all vertices
in the graph. The method works as follows (see for



example [37]). It maintains for ewery vertex v its
distance label d(v), parent p(v), and status S(v) 2
funreached; labeled ;scannedg. Initially d(v) = 1,
p(v) = nil, and S(v) = unreached for ewery vertex
v. The method starts by setting d(s) = 0 and S(s) =
labeled . While there are labeled vertices, the method
picks a labeled vertex v, relaxes all arcs out of v,
and sets S(v) = scanned. To relax an arc (v;w),
one cheds if d(w) > d(v) + “(v;w) and, if true, sets
d(w) = d(v) + “(v;w), p(w) = v, and S(w) = labeled .
If the length function is nonnegative, the labeling
method terminates with correct shortest path distances
and a shortest path tree. Its e ciency dependson the
rule to choosea vertex to scannext. We say that d(v) is
exactif it is equalto the distancefrom sto v. It is easy
to seethat if one always selectsa vertex v suc that,
at the selectiontime, d(v) is exact, then eat vertex is
scannedat most once. Dijkstra [8] (and independerily
Dantzig [6]) obsened that if * is nonnegative and v is
a labeled vertex with the smallest distance label, then
d(v) is exact. We refer to the labeling method with the
minimum label selectionrule as Dijkstra's algorithm.

Theorem 3.1. [8] If ~ is nonnegative then Dijkstra's
algorithm sans vertices in nondecreasing order of dis-
tance from s and sans each vertex at most once.

For the P2P case,note that when the algorithm is
about to scanthe sink, we know that d(t) is exact and
the s-t path de ned by the parent pointers is a shortest
path. We can terminate the algorithm at this point.
Intuitiv ely, Dijkstra's algorithm seardes a ball with s
in the certer and t on the boundary.

Onecanalsorun Dijkstra's algorithm on the reverse
graph (the graph with every arc reversed)from the sink.
The reverseof the t-s path found is a shortest s-t path
in the original graph.

The bidirectional algorithm [6, 10, 33] alternates be-
tween running the forward and reverse versions of Di-
jkstra's algorithm, ead maintaining its own set of dis-
tancelabels(d; and d;, respectively). During initializa-
tion, the forward seard scanss and the reversesearh
scanst. The algorithm also maintains the length of
the shortest path seensofar, , and the corresponding
path. Initially, = 1. When an arc (v;w) is scanned
by the forward seard and w has already been scanned
in the reversedirection, we know the shortest s-v and
w-t paths have lengths d; (v) and d; (w), respectively. If

> di (V)+ " (v;w)+d, (w), we havefound a path shorter
than those seenbefore, so we update and its path
accordingly. We perform similar updates during the re-
verseseard. The algorithm terminates whenthe seart
in one direction selectsa vertex already scannedin the
other. Intuitiv ely, the bidirectional algorithm seardes

two touching balls certered at s and t.

Note that any alternation strategy works correctly.
We usethe one that balancesthe work of the forward
and reverseseardies,a strategy guaranteedto be within
factor of two of the optimal o-line strategy. Also
note that remenbering is necessarysincethere is no
guarantee that the shortest path will go through the
vertex on which the algorithm stops.

Theorem 3.2. [34] If the sink is reachable from the
source, the bidirectional algorithm nds a shortest path,
and it is the path stored along with

4 A Search

Consider the problem of looking for a path from s
to t and supposewe have a (perhaps domain-speci c)
function ; :V ! R sud that ;(v) givesan estimate
on the distance from v to t. In the context of this
paper, A sarch [9, 27] is an algorithm that works
like Dijkstra's algorithm, except that at ead step it
selectsa labeled vertex v with the smallestkey, de ned
ask; (v) = di (v) + ¢ (v), to scannext. It is easyto see
that A seard is equivalert to Dijkstra's algorithm on
the graph with length function = .. If ¢ isfeasible,” ,
is nonnegative and Theorem 3.1 holds. We refer to the
classof A seart algorithms that usea feasiblefunction
¢ with ¢ (t) = 0 aslower-bounding algorithms.

Note that the selectionrule usedby A seart is a
natural one: always choosea vertex on an s-t path with
the shortest estimated length. In particular, if ¢ gives
exact distancesto t, the algorithm scansonly vertices
on shortest paths from s to t. If the shortest path is
unique, the algorithm scansexactly the vertices on the
shortest path exceptt.

Intuitiv ely, better estimates lead to fewer vertices
being scanned. More precisely consideran instance of
the P2P problem and let ; and ? be two feasible
potential functions suc that ¢(t) = £(t) = 0 and,
for any vertex v, 2(v)  ¢(v) (i,e., ? dominates ).
If ties are broken consisterily when selecting the next
vertex to scan,the following holds.

Theorem 4.1. [19] The set of vertices sanned by A
search using P is contained in the set of vertices
sanned by A search using .

Note that the theorem implies that any lower-
bounding algorithm with a nonnegative potential func-
tion visits no more vertices than Dijkstra's algorithm,
since the latter is equivalernt to the lower-bounding al-
gorithm with the zero potential function.

4.1 Bidirectional A search. We combine A
seard and bidirectional seard as follows. Let ; be



the potential function usedin the forward seart and
let  be the one used in the reverse seart. Since
the latter works in the reversegraph, ead original arc
(v;w) appearsas (w;Vv), and its reduced cost w.r.t.
is”  (w;v) = “(v;w) r(w) +  (v), where " (v;w) is
in the original graph. We say that ; and | are con-
sistent if, for all arcs (v;w), ~ , (v;w) in the original
graph is equalto = , (w;V) in the reversegraph. This is
equivalent to ; + ; = const.

If ¢ and , arenot consisten, the forward and re-
versesearhesusedi erent length functions. When the
seardies meet, we have no guarartee that the shortest
path has beenfound. To overcomethis dicult y, we
canwork with consistert potential functions or develop
a new termination condition.

We use the former approach. Assume ¢ and .
give lower bounds to the sink and from the source,
respectively. Ikedaet al. [24] suggestusing an average

; — (v
function, de ned aspr (V) = ——5——

‘™ for the forward
computation and p; (v) = M = ps (v) for the
reverseone. Although p; and p, usually do not give
lower bounds as good as the original ones, they are
feasible and consistent. To make the algorithm more
intuitiv e, we add , (t)=2 to the forward function (thus
making pr (t) = 0) and ¢ (s)=2 to the reversefunction
(making it zeroat s). Becausetheseterms are constart,
the functions remain consisten.

5 ALT Algorithms

The main idea behind ALT algorithms is to use land-
marks and triangle inequality to compute feasiblelower
bounds. We selecta small subset of vertices as land-
marks and, for ead vertex in the graph, precompute
distancesto and from every landmark. Considera land-
mark L: if d( ) is the distanceto L, then, by the triangle
inequality, d(v) d(w) dist(v;w); if d() isthe distance
from L, d(w) d(v) dist(v;w). To get the tight-
est lower bound, one can take the maximum of these
bounds, over all landmarks. Intuitiv ely, the best lower
bounds on dist(v; w) are given by landmarks that ap-
pear\b efore" v or \after" w.

During an s-t shortest path computation, Goldberg
and Harrelson [19] suggestusing only a subset of the
available landmarks: those that give the highest lower
bounds on the s-t distance. This tends to improve
performance because most remaining landmarks are
unlikely to help in this computation. We suggesta
further improvemen of this ideain the next section.

Finding good landmarks is critical for the overall
performance of ALT algorithms. The simplest way of
selecting landmarks is to pick them at random. This
works reasonably well, but one can do better. In

Section 6.3, we revisit someof the landmark selection
algorithms suggestedin [19] and proposenew ones.

6 Impro vements to the AL T Algorithm

In this sectionwe discussimprovemerts to the main and
preprocessingstagesof the ALT algorithm. We describe
them in the more general corntext of its bidirectional
version.

6.1 Restarting. Asweshall seebelow, wesometimes
needto changethe way lower bounds are calculated in
the middle of an ALT computation, e.g., by replacing
the current potential functions pr and p; by another
consistent pair. Let S be the set of vertices scanned
by the forward seard and Vs the corresponding set of
labeled vertices (those in its priority queue). Dene T
and V; similarly for the reverseseard. Note that S and
T aredisjoint but V5 and V; may intersect. At this point
we know the distancesfrom s to all verticesin S and
from all verticesin T to t. The bidirectional algorithm,
as described above, stops when one of the seardes is
about to scan a vertex already scannedby the other
seard (i.e., when the seardhes meet). If we replace p
and do not want to scanverticesin S and T again, it
is unclear when to stop the algorithm. In particular,
one cannot always stop if the forward seard is about to
scana vertex in T. We needanother stopping criterion.

We introduce the new stopping criterion in the
context of the bidirectional Dijkstra's algorithm rst
(for simplicity, we assumethe path doesexist):

Stop the algorithm when the sum of the mini-
mum labels of labeled vertices for the forward
and reverseseardesis at least , the length of
the shortest path seensofar.

One can easily shav that the new stopping condi-
tion is correct. Sincethe minimum label for eath searh
is monotone in time, sois their sum. Then, after the
condition is met, every vertex x removed from a priorit y
queuewill be sud that the sum of the distancesfrom
s to x and from x to t will be at least , which implies
that no path shorter than exists.

The new stopping condition is at least as strong as
the standard one. When we are about to scana vertex
v that has beenscannedin the opposite direction, the
sum of the s-v and v-t distancesis at least and the
sum of the minimum labels is at least the sum of the
distances. After the new stopping condition is satis ed
and until the searhes meet, the length of the shortest
s-t path through any vertex v we scanis at least , so
no shorter path is discovered.

SinceA seard is equivalert to Dijkstra's algorithm
on the graph with arc lengths replaced by reduced



costs, we can use the new stopping condition with the
modi ed length function. Next we derive the exact
stopping condition. Let k; and k, be the smallestkeys
of labeledverticesin the forward and reversedirections,
respectively (these are the rst keysin ead priority
qgueue). Let , be the reduced cost of the shortest
path seenso far with respect to p; (or pr, asthe two
functions are consistert). The stopping condition is
ki + k; p. To getthe condition in terms of , note
that , = +pr(s) pr(t) and ps(t) = 0. Thus the
stopping condition is k; + k; + px (8).

Now, if we want to replaceps and py, all we needto
do is changethe keysof the labeled vertices for the two
seardes appropriately and update the priority queues
containing thesevertices. This takestime proportional
to the number of labeled vertices at this point.

After restarting, the algorithm proceedsasaregular
ALT algorithm with the following modi cation. If a
seard (forward or reverse) scansan arc (v;w) and w
hasbeenscannedin the samedirection, even beforethe
algorithm has beenrestarted, nothing is done for w.

To prove correctness of the modied algorithm,
considerthe following transformation. Supposewe have
an instance of the P2P problem and two disjoint sets,
A and B, suc that we know the distancesd; (v) from
s to all verticesv 2 A and the distancesd, (w) from all
verticesw 2 B to t. Supposewe cortract all vertices
in A with s and for every arc (v;w) with v 2 A, we
change the length of the corresponding arc (s;w) in
the cortracted graph to “(v;w) + df (v). We make the
corresponding transformation fort and B. Let G and G°
bethe original and the transformed graphs, respectively.

Lemma 6.1. The P2P problemson G and G° are equiv-
alent.

Proof. Every path P in G°correspondsto a path of the
samelength in G as follows. Supposethe rst arc of
P corresponds to an arc (a;b) of G and the last arc
corresponds to (c;d). Then the desired path in G is
obtained by concatenating the shortest path from s to
a, P, and the shortest path from d to t.

Now consider a path P in G. Let a be the last
vertex of fsg[ A on P and let d be the rst vertex of
ftg[ B onthe sux of P that starts at a. Then the arcs
corresponding to those on the segmen of P betweena
and d form a path in G°with the samelength asP.

Theorem 6.1. The modi e d algorithm is correct.

Proof. Consider a restart of the algorithm. Dene A
as the set of vertices scanned by the forward seard
up to this point and B as the set of vertices scanned
by the reverse seard. If we transform the graph as

described above and scan s forward and t badkward,
we get exactly the same con gurations of the forward
and the reverse priority queuesas we do in the actual
algorithm, and from this point on the computation of
the original algorithm corresponds to a bidirectional
Dijkstra's algorithm computation on the transformed
graph. An induction on the number of restarts of the
algorithm completesthe proof.

6.2 Activ e landmarks. The original implementa-
tion of ALT uses,for eat shortest path computation,
only a subsetof h active landmarks, thosethat give the
best lower bounds on the s-t distance. With this ap-
proadh, the total number of landmarks is limited mostly
by the amount of secondary storage available. The
choice of h dependson the tradeo betweenthe searth
e ciency and the number of landmarks that have to be
examinedto compute a lower bound.

We improve this idea by updating the set of ac-
tive landmarks dynamically. We start with only two
active landmarks: one that gives the best bound us-
ing distancesto landmarks and another using distances
from landmarks. Then we periodically try to update
the active set by adding new landmarks until the al-
gorithm terminates or the total number of active land-
marks reachesan upper bound (six, in our experimerts).

Update attempts happen whenewer a seard (for-
ward or reverse) scansa vertex v whose distance esti-
mate to the destination, as determined by the current
lower bound function, is smaller than a certain value
(a checkpoint [more  on that later). At this point, the
algorithm veri es if the best lower bound on the dis-
tance from v to the destination (using all landmarks)
is at least a factor 1+ better than the current lower
bound (using only active landmarks). If so, the land-
mark yielding the improved bound is activated. In our
experiments, we used = 0:01.

Intuitiv ely, the computation starts using the ini-
tially bestlandmarks. As it progressesand the location
of vertices for which lower bounds are neededchanges,
other landmarks may give better bounds, and should be
brought to the active set. After every landmark update,
the potential function changes,and we must update the
priority queuesas described in the previous section.

Chedpoints are determined by the original lower
bound b on the distance between s and t, calculated
before the computation starts. The i-th chedkpoint for
ead seard hasvalueb(10 i)=10: we rst try to update
the landmarks when estimated lower bounds reach 90%
of the original value, then when they reach 80%, and so
on. This rule works well when s and t are reasonably
far apart; when they are close,update attempts would
happen too often, thus dominating the running time of



the algorithm. Therefore, we alsorequire the algorithm
to scan at least 100 vertices between two consecutive
update attempts in the samedirection.

The dynamic selectionof active landmarks improves
e ciency , especially for hard instances. It also reduces
the running time, asthe nal number of active land-
marks is usually very small (closeto three).

6.3 Landmark selection. This section describes
seweral landmark selection strategies. Some have been
introducedin [19], and someare new or improved. The
new strategiesdo not usegraph layout information, yet
they work better than the best method of [19] that does.

The NA graph is quite large and a single-source
shortest path computation on it takesaround 10seconds
on the madchine we used. Any practical preprocessing
method cannot perform too many of those; n shortest
path computations would take years. We restricted
ourselvesto more e cien t preprocessing.

Note that onecande ne \optimal* landmark selec-
tion in many ways depending on how landmark quality
is measured. For example, one can aim to minimize
the total number of vertices visited for all O(n?) possi-
ble shortest path computations. Alternativ ely, one can
minimize the maximum number of verticesvisited. The
related optimization problemsare probably hard. Even
an exact comparisonof two setsof landmarks, although
polynomial-time, is impractical exceptfor small graphs.

6.3.1 Random. The simplest way to select land-
marks is at random. One can generate seweral sets of
random landmarks and pick the setthat works the best
in practice. Not surprisingly, one can do better.

6.3.2 Farthest. Originally proposedin [19], farthest
selection works asfollows. Pick a start vertex at random
and nd a vertex v that is farthest away from it. Add
v to the set of landmarks. Proceedin iterations, always
adding to the set the vertex that is farthest from it.
In this paper, we introduce a slightly modi ed version:
distances are measured in terms of number of hops
instead of using the actual length function “(); in other
words, we use BFS instead of Dijkstra's algorithm to
compute distances. This biasesthe algorithm towards
denseregions. We shall refer to the original version as
farD and the new one asfarB.

Farthest selectionis very e cien t. Selectingland-
marks takeslesstime than computing distancesto and
from landmarks. It requireslittle space,sincelandmark
distancescan be output assoon ascomputed and never
usedin preprocessingagain. However, with more time
and spaceonecan nd better landmarks.

6.3.3 Planar. Also proposedin [19], planar land-
mark selection is an example of a method that uses
graph layout information. It picks a point closeto the
center of the graph and divides the map into sectors
originating from this point (this can be done e cien tly

by sorting the vertices in polar coordinates). The far-
thest point in ead sectoris selectedas a landmark. In

addition, if a vertex near a sector boundary is selected,
adjacert vertices of the neighboring sector are skipped
to ensure no two landmarks are close. In our exper-
iments, we obtained slightly better results by picking
asthe referencea point closeto the median (instead of
certer) of the graph, and using BFS (instead of Dijk-

stra's algorithm) to compute distanceswhile computing
the median. We report only results with the modi ed

versionin this paper.

6.3.4 Avoid. We now introduce a new landmark se-
lection method. Assumethere is a set S of landmarks
already selectedand that we want an additional land-
mark. First, compute a shortest-path tree T, rooted
at somevertex r. Then calculate, for every vertex v,
its weight, de ned as the di erence between dist(r; V)
and the lower bound for dist(r;v) givenby S. This is a
measureof how bad the current distance estimatesare.

For every vertex v, now computeits size s(v), which
depends on T,, the subtree of T, rooted at v. If T,
contains a landmark, s(v) = 0; otherwise, s(v) is the
sum of the weights of all verticesin T,. Let w be the
vertex of maximum size. TraverseT,,, starting from w
and always following the child with the largestsize,until
a leaf is reached. Make this leaf a new landmark.

We call this method avoid. It tries to identify
regions of the graph that are not \well-covered" by
avoiding existing landmarks. No path from w to a
vertex in its subtree has a landmark \b ehind" it. By
adding a leaf of this tree to the set of landmarks, avoid
tries to improve the coverage.

A natural way of picking r (the root vertex) is
uniformly at random. We obtained better results by
picking with higher probability verticesthat arefar from
the existing landmarks.

6.3.5 Optimization. A downside of constructive
heuristics, sucth asthe onesdescribed above, is that some
landmarks selectedearlier on might be of limited use-
fulness once others are selected. It seemsreasonable
to try to replacethem with better ones. We use local
seart [1] for this purpose.

To implemert the seard, we needa way to measure
how good a solution (set of landmarks) is. Ultimately,
the goal is to nd a solution that makes all point-to-
point searhes more e cien t, but that is prohibitiv ely



expensiwe, as already mertioned. In practice, we can
only estimate the quality of a given set of landmarks.

We use reduced costs for the estimation. In this
context, we de ne the reduced cost of an arc with
respect to landmark L as " (v;w) d(L; w) + d(L; v). If
the reducedcostis zero,we say that the landmark covers
the arc. The best casefor the point-to-p oint shortest
path algorithm happenswhen a landmark covers every
arc on the path. With that in mind, we de ne the cost
of a given solution asthe number of arcsthat have zero
reduced cost with respect to at least one landmark.
Lesscostly solutions are better: for a xed k, we are
interestedin nding a setof k landmarks that coversas
many arcs as possible.

Determining which arcs a given vertex covers re-
quires performing a single-sourceshortest path compu-
tation. For large graphs, it is impractical to do this for
all vertices. Therefore, we work only with a small set of
candidate landmarks, selectedusing avoid.

More precisely let C be the set of candidates,
initially empty. We start by running avoid to nd a
solution with k landmarks, all of which are added to
C. We then remove eat landmark from the current
solution with probability 1=2. Once they are removed,
we generate more landmarks (also using avoid) until
the solution has size k again. Each new landmark
that is not already in C is added to it. We repeat
this process until either C has size 4k or avoid is
executed 5k times (whichever happens rst).  The
secondcondition is important to limit the running time
of the algorithm; not every execution of avoid will
generatea new landmark.

Evertually, we have a set C with between k and
4k landmarks. Interpreting ead landmark asthe set of
arcsthat it covers, we needto solve an instance of the
maximum cover problem. Sinceit is NP-hard, we resort
to a multistart heuristic. Each iteration starts with a
random subsetS of C with k landmarks and applies a
local seard procedureto it. In the end, we pick the
best solution obtained acrossall iterations. We set the
number of iterations to blog, k + 1c.

The local seard procedure is based on swapping
landmarks. It tries to replace one landmark that
belongsto the current solution with another that does
not (but belongsto the candidate set). It works by
computing the prot assaiated with ead of the O(k?)
possibleswaps. It discardsthosewhoseprot is negative
or zero. Among the onesthat remain, it picks a swap at
random with probability proportional to the prot. The
sameprocedureis then applied to the new solution. The
local searth stopswhenit reachesa local optimum, i.e.,
a solution on which no improving swap can be made.
Each iteration of the local seard takesO(km) time.

We call this method of landmark generation max-
cover. The optimization phaseis quite fast. The run-
ning time is dominated by callsto avoid usedto generate
the set of candidate landmarks.

6.3.6 Other approac hes. We experimented with
many other selection strategies. Devising reasonably-
sounding strategies is easy and combinations of suc
strategies are numerous. Someideaswork well, others
do not. While better selection strategies probably do
exist, one cannot expect an improvemert of an order of
magnitude on the averagee ciency . It is already above
10%for the largest graph we tested, and even higher for
smaller graphs. The worst casecan be improved, but
one must keepin mind that preprocessingtimes are an
issue.

6.4 Pruning. Pruning may reduce the time and
memory requiremerts of the algorithm. We describe
it for the forward seard. The reverseis symmetric.

Supposewe are scanningan arc (v;w). Normally,
we ched if dr (V) + “(v;w) < d; (w); if so, we update
di (w) and the forward priority queue. With pruning,
we also ched if df (v) + “(v;w) + ¢ (w) < When
this inequality is not true, the shortest s-t path through
(v; w) doesnot improve upon the current shortest path.
Therefore, there is no needto store an updated value
of dr (w). Note that the lower bound function used for
pruning doesnot needto be consisten.

7 External Memory Implemen tation

Our implemertation storesgraph and landmark data on
a ash memory card. System constraints dictate that
the minimum amount one can read from the card is a
512-byte sector. We read data in pages,with a page
containing one or more sectors. (One seemsbest for
large graph data with limited locality.) As Section 8
shows, readingis slow. This, together with the fact that
not all data in a block is actually used, makesreading
the bottleneck of our implementation. This motivates
someof our choices;others are motivated by the limited
amount of primary memory on the Pocket PC.

7.1 Graph represen tation. Our graph is stored
in the ash card in the following format. Arcs are
represeried as an array of records sorted by the arc
tail. Each record has a 16-bit arc length (in our case,
transit time in seconds)and the 32-bit ID of the head
vertex. Another array represers vertex records, eath
consisting of the 32-bit index of the record represerting
the rst outgoing arc. The reversegraph is also stored
(in the sameformat).

Additional information neededfor eat vertex vis-



ited by a seard is kept in main memory in a record we
call a mutablenode. Each vertex may needtwo mutable
nodes, one for the forward and another for the reverse
seard. A mutable node contains four 32-bit elds: an
ID, a distance label, a parent pointer, and a heap po-
sition. Some elds are bigger than neededeven for our
largest graph, but we choseto make the records word-
aligned to keepthe implementation clean and exible.

The user speci es M, the maximum number of muta-
ble nodes allowed. The total amount of RAM usedis
proportional to M.

7.2 Data structures. To map vertex IDs to the cor-
responding mutable nodes, we use double hashing with
a table of size at least 1:5M . We maintain two prior-
ity queues,one for eat seart. For shortest path al-
gorithms, the improved multi-lev el bucket implementa-
tion tendsto be the fastest[7, 17], and we did useit on
the landmark generating routines. For P2P computa-
tions, however, we used4-heaps. Although slower than
multi-lev el buckets, 4-heaps have less space overhead
(one heap index per vertex). In addition, the priority
gqueuenever cortains too many elemerts in our applica-
tion, sothe overheadassaiated with heap operationsis
modest comparedto that of data access.The maximum
size of each heapwas setto M =8+ 100 elemeris.

7.3 Caching. The data we deal with has strong
locality. On partial graphs, at least 50% of the arcsare
betweenverticeswhoselDs di er by 15or less;for more
than 90% of the arcs the di erence is at most 100. On
the NA graph, morethan 99%of the arcshave endpoints
whose IDs dier by at most 10. For this reason, and
also becausedata must be read in 512-hyte blocks, our
algorithm implements an explicit cacing medanism.
A pageallocation table maps physical pageaddressego
virtual page addresseqin RAM), and the replacemen
strategy is LRU: the leastrecertly usedpagewasevicted
wheneer necessary We use separatecacesfor graphs
and landmarks. Each of the six landmark caces (one
for eadh active landmark) has 1 MB, and ead of the
two graph cacheshas 2 MB.

7.4 Landmark represen tation and compression.
We store data for ead landmark in a separate le.
Each distance is represeried by a 32-bit integer. To
and from distances for the same vertex are adjacert.
Although the graph is not completely symmetric, the
two distancesare usually close. Moreover, sincevertices
with similar IDs tend to be closeto ead other, their
distancesto (or from) the landmark are also similar.
This similarity is important for compression,which
allows more data to t in the ash card and speedsup

data read operations. We usethe fact that the two most
signi cant bytes of adjacert words (distances) tend to
bethe same|there areactually long runs in which these
bytes coincide. For ead run, we represen the common
bytes just once, together with the run length; only the
two least signi cant bytes are represened explicitly for
ead elemen. The resulting compressionratio is almost
50%, which is a few percertage points better than
what is achieved by the standard compressionprogram
gzip. To allow random accessto the le, ead page
is compressedseparately Sincecompressionrates vary,
the le hasa directory with pageo sets.

8 Exp erimen tal Analysis

8.1 Setup. Our preprocessingwas done in memory,
with landmarks output to disk. Most graphs were
preprocessedon a Pertium 4M with 512 MB of RAM
running at 2.2 MHz. The only exception is the (much
larger) NA graph, for which we useda 900MHz Itanium
2 workstation with 11.9 GB of RAM.

The Pocket PC we usedwas a Toshiba800e. It has
a 400 MHz ARM-4 processorand 128 MB of RAM,
and runs the Windows Mobile 2003 Second Edition
operating system. We set the system le cace sizeto
2 MB. This is the maximum allowed by the operating
system, and big enoughto t the le allocation table.
In someexperimerts, we reducedthe clock speedto 100
MHz to ched if the computation is CPU bound.

Data for the P2P algorithm was stored on Compact
Flash memory cards. For the NA graph, we useda 4
GB Lexar 80x card with FAT32 le system. For smaller
graphs, we useda 2 GB Lexar 80x card with FAT le
system. To measuretheir speed, we created a 32 MB
le and read a sequenceof 512-hyte blocks starting at
random positions aligned at multiples of 512 bytes. As
Table 1 shows, the throughput in this caseis quite low,
and it dependson CPU frequency

card thr oughput
capacity | @100 @400 ratio

2GB 234 379 1.62

4GB 228 366 1.61

Table 1: Throughputs of eah ash card (in KB/s) for
accessedo random 512-hyte blocks with the CPU at
100 MHz and 400 MHz.

Our code was written in C++ and compiled under
eMbedded Visual C++ 4.0 (for the Pocket PC) and
Visual C++ 7.0 (for PCs). We use the Mersenne
Twister pseudorandomnumber generator [29].

We experimented with six road network graphs
extracted from Mappoint.NET data: San FranciscoBay
Area (including SanJoseand Sacramerto), Dallas area,



graph dimensions file sizes (MB)
ver tices arcs | graph  landmark tot al

Bay Area 330024 793681 5.80 1.34 42.42
Los Angeles 563992 1392202 10.12 2.21 71.07
St Louis 588940 1370273 | 10.09 231 73.31
Dallas 639821 1522485 | 11.15 251 80.03
Washington 991848 2294870 | 16.91 3.90 123.52
North America | 29883886 70297895 | 516.25 117.50 3735.00

Table 2: Road network problems: graph dimensionsand le sizesin MB (of a singlegraph le, of a singlelandmark
le, and the total consideringtwo graph les and 23 landmark les).

Los Angelesarea, St Louis area, Washington State and
vicinity (including Vancouwer Island and Portland), and
the Continental North America (Canada, the United
States, and parts of Mexico). We refer to the rst ve
graphs as partial ; although by no means small, these
graphsare much smaller than the last one. We useroad
segmen transit times asarc lengths (using road segmen
lengths instead has little e ect on the performance of
ALT, asshown in [19]). Table 2 reports the problem
sizes,including the averagesizeof eact of the two graph
les (forward and reverse)and of atypical landmark le.

It also reports the total spacethe algorithm requires
when working with 23 landmarks, the number we used
on the Pocket PC.

Following [19], we usetwo kinds of (s,t) pair distri-
butions. One selectsthe endpoints uniformly at random
(rand ), which tends to produce pairs of far away ver-
tices. Another is bfs, which selectss at random, does
breadth- rst seard to nd all verticesthat are 50 hops
away from s, and choosest at random from these; this
producesa local pair. Our design choices were made
with the random distribution in mind, sincethe seardes
it induces cost much more. Therefore, most of our ex-
periments will focus on the random distribution; only
thosein Section 8.3 usebfs .

We designed experimernts to test seweral variants
of the algorithm. For ead of the partial graphs, we
picked a random set of 1000s-t pairs and ran the P2P
algorithm on it for all variants tested. For consistency
ead partial graph is tested with the sameset of 1000
pairs on all experiments. Most experiments on NA,
which take longer to run, used 100 pairs only.

To comparetwo variants of the algorithm, the obvi-
ous measureof performanceis running time. However,
with many design choicesto ewaluate, most of the ex-
periments were done on a PC, which is much faster,
mainly due to disk cacing: for partial graphs, all data
ts in the cache. The ip sideof this speedupis that the
running times are unsteady: di erent runs of the same
algorithm may have completely di erent running times
depending on the initial cade state. For this reason,

and to get a better understanding of the algorithm, we
use v e machine-independert measuresof quality.

The rst three measuresrefer to the number of
mutable nodes (i.e., vertices visited): the average,the
99th percertile, and the maximum. We are interested
in optimizing the worst caseof the algorithm. Since
we test only a fraction of the O(n?) possiblepairs, the
variance on the maximum can be quite high. The 99th
percertile tends to be a more stable measure of the
relative performanceof two di erent landmark selection
methods. For NA, on which only 100 pairs were tested,
we often report the 97th percertile instead.

The fourth measureis the average e ciency , de-
ned as the ratio between the number of vertices
scannedand the actual number of vertices on the path.
Finally, the fth measureis the averageamount of data
read from secondarystorageper seard. This correlates
well with the running time of the algorithm.

All experiments comparing di erent design choices
were made on the PC, and for them only the machine-
independert measuresare preseried. Running times are
shown only for the runs made on the Pocket PC (see
Section 8.3).

8.2 Design choices. Our two main improvemerts to
the original ALT algorithm are the new landmark selec-
tion schemes(avoid and maxover) and the dynamic
selection of active landmarks. There are also some mi-
nor improvemerts, such asa new pruning strategy.

We start by de ning a reference version of our
algorithm, with the bestchoiceof ead of the parameters
tested. It useslandmarks obtained with the maxmver
method. To solve the P2P problem, we used dynamic
selection of active landmarks, starting with two and
increasingthis number asnecessaryup to six). Pruning
was also used.

Table 3 preseris data for this reference version,
with 16 landmarks. For this experiment only, we
used 1000 pairs to test NA. The averagee ciency was
above 26% over the v e partial graphs and above 10%
for the NA graph. Comparing this with the results



graph mut able nodes eff. data gener.
avg 99th max (%) (kb)  time (s)
Bay Area 4258 21567 31065 29.11 542 94
Los Angeles 7242 46759 93801 26.52 700 168
St Louis 6575 31135 53761 29.22 564 207
Dallas 8145 49913 86784 26.86 682 173
Washington 10159 48407 111205 33.16 808 248
North America | 303148 1700827 3608315 10.65 51461 12488

Table 3: Results with 16 landmarks generatedwith maxaver on 1000 random pairs: number of mutable nodes

(average, 99th percertile, and worst), averagee ciency ,

and averageamount of data read from disk. The last

column presents the total time required to generatethe landmarks, in seconds.

reported in [19], the improvemens on the original
ALT implementation becomeclear. The original ALT
e ciency (with 16 landmarks) was 7.8% on Bay Area,
5.6% on Los Angeles, 10.6% on St. Louis, and 7.1%
on Dallas (these were the only problems tested in both
studies).

Regarding the number of mutable nodesvisited by
the algorithm, the table shaows that, on average, they
are just over 1% of the total number of vertices on all
graphs, including NA. Moreover, on at least 99% of the
pairs, at most 8% of the verticeswerevisited. The worst
casesobsened ranged from 9% (St Louis) to 17% (Los
Angeles) of the verticesin the graph.

Note that the 99th percertile is often closer to
the average than to the worst case, which suggests
that the distribution is far from uniform, and increases
sharply towards the end. Figure 2, which shows the full
histogram for Bay Area and Washington, con rms this.
The curvesfor the other three partial graphs, omitted
for clarity, fall betweenthose two. The curve for NA
has a similar shape.
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Figure 2: Distribution of the number of mutable nodes
for eacth graph, with 1000random pairs.

In absoluteterms, the performanceof the algorithm
on NA wasworsethan on the smaller graphs. However,
the fraction of verticesthat werevisited (mutable nodes)
was quite similar, and the average e ciency was not
much worse. The amount of data read per mutable
node, however, increasedfrom lessthan 100 bytes in
most partial graphsto almost 170bytes. This is because
larger maps have lesslocality, sincethe seard spreads
over a larger portion of the graph.

In the remaining experimerts in this section, we
vary one or more of the parameters used to build
Table 3. All parametersthat are modi ed are explicitly
mertioned; thosethat are not remain the sameasabove.

8.2.1 Landmark selection. We start by analyzing
the e ect of the landmark selectionscheme on solution
quality. We compare maxover with v e alternative
methods. For ead graph and ead method, we gen-
erated three sets of landmarks (with di erent random
seeds), and picked the best (the one with the small-
est99th percenile when processingl000random pairs).
For NA, we usedthe 97th percertile and 100 pairs.

Table 4 shows the results for partial graphs. Note
that all measuresare relative to maxwver. For eath
graph, we compute the ratio betweenthe value obtained
by the method and what was obtained by maxawver,
then report the geometric mean of theseratios over all
v e graphs?

Obserne that random is the worst method on all
measuresexcept the time to generate the landmarks.
Even in this case,it is followed closely by the original
farthest selection (farD), which is better on all other
accourts. Farthest selectionwith BFS (farB) provides
even better results and is still relatively fast. Note
that farB is slower than farD becauseBFS does not

TWe use geometric instead of arithmetic means because it
makes it easy to change the reference method. To see how all
methods fare with respect to random, for example, just divide
every entry in a column by the value in random.



selection mut able avg data gen.
scheme avg 99th  eff. read time
random | 2.11 2.64 066 155 0.07
farD 155 1.77 0.80 1.29 0.08
farB 139 148 084 121 0.13
planar 133 132 083 115 0.13
avoid 120 122 090 110 0.20
maxwmver | 1.00 1.00 1.00 1.00 1.00

Table 4: Eect of the landmark selection scheme on
the P2P algorithm. All valuesare relative to maxmver.
Only the v e partial graphs are considered.

replace the shortest path computation: farB still has
to compute the actual shortest path treesin order to
output the landmark les.

Planar landmark selection takes roughly the same
time as farB and has slightly better performance.
Avoid, the rst completely new method proposedhere,
is even better, despite not using any geometricinforma-
tion. Being only three times slower than random, it can
still be consideredfairly quick.

The reference method, maxaver, is roughly ve
times slower than avoid, but it is clearly superior on
all other measures. It should be the method of choice
among those tested if one cana ord the extra time.

Results for NA are preserted in Table 5. They
are similar to Table 4, but there are somedi erences.
The performance of farD is much worse|ev en worse
than random. This happensbecauseseeral landmarks
are placed in areasthat have very few vertices and are
far from denserregions (and from ead other), suc as
Alaska, Northern Canada, and Mexico. FarB is less
susceptibleto problemsof this kind, and performsbetter
than planar.

land. mut able avg. data gen.
avg 97th  eff. read time

farD 338 471 040 6.56 0.10
random | 2.34 259 0.67 3.40 0.09
planar 186 246 068 246 0.15
farB 163 212 074 212 0.15
avoid 151 184 086 196 0.21
maxwmver | 1.00 1.00 1.00 1.00 1.00

Table 5: Eect of the landmark selection scheme on
the P2P algorithm for NA. All values are relative to
maxaver.

Another important dierence is that on NA the
choice of landmarks has much more impact on the per-
formance of the P2P algorithm. On the partial graphs,
doubling the average number of mutable nodes (using

random instead of maxwver) increasesthe amount of
data read by 55%. On NA, the dierence is greater
than 200%.

8.2.2 Num ber of landmarks. Table 6 shaovs how
performance improves as the number of landmarks
increasesfrom 2 to 32 (always using maxwver). As
in the previous experimert, we actually generatedthree
setsof landmarks in ead caseand picked the best (with
respect to the 99th percertile). All measuresarerelative
to what was obtained with 16 landmarks. Note that all
measuresof solution quality improve as the number of
landmarks increase, but the marginal bene ts of eah
additional landmark decrease. Only the v e partial
graphs are consideredin the table.

land. mut able avg data gen.
avg 99th eff read time
21243 945 021 425 0.08

4| 411 426 041 210 0.18

8| 193 219 068 137 042

16| 1.00 1.00 1.00 1.00 1.00

23| 081 080 115 095 1.72
32| 0.67 0.66 129 092 3.28

Table 6: Eect of the total number of landmarks
available on the P2P algorithm (partial graphs only).
All valuesare relative to 16 landmarks.

Results for NA, preseried on Table 7, are similar.
Onceagain, the main di erence is that an improvemert
on the setof landmarks hasgreatere ect onthe amournt
of data read from external memory.

land. mut able avg. data gen.
avg 97th eff. read time

2|1851 17.76 0.20 25.07 0.11

4| 516 490 022 9.00 0.22

8| 255 266 051 322 044

16 | 1.00 100 1.00 1.00 1.00

23| 077 0.72 115 0.69 212

32| 064 065 124 051 544

Table 7: Eect of the total number of landmarks

available on the performance of the P2P algorithm
(NA). All valuesare relative to 16 landmarks.

8.2.3 Activ e landmarks. We now comparethe dy-
namic and static schemesfor selectingactive landmarks.
For eadh of the v e partial graphs, we ran nine versions
of the static algorithm (with h varying from 2to 10) and
comparedthem to the dynamic scheme. Given a xed

instance, we usethe sameset of 16 maxwver landmarks



and the same1000random s-t pairs for all runs.

Figure 3 summarizesthe experiment. It shows how
the measurestaken (averagenumber of mutable nodes,
99th percertile of mutable nodes,averagee ciency, and
average amount of data read) behave as a function
of h. The values are normalized: we consider the
ratio betweenthe actual value and what was obtained
by the dynamic algorithm. Each point in the plot
is the geometric mean of v e normalized values (one
for ead instance). As usual, larger values are better
for e ciency, and small values are better for all other
measures.The closera point isto 1.0, the more similar
to dynamic selectionthe corresponding method is. The
data is for partial graphs only.
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Figure 3: Performanceof the P2P algorithm on partial
graphsasa function of the number of statically selected
landmarks. All valuesare relative to dynamic selection.

Note that, with dynamic selection, the algorithm
reads lessthan the amount required with three static
landmarks, and achievesmuch better results on average
and particularly on hard cases(as the 99th percertile
shows).

Resultsfor NA werevery similar (we omit the corre-
sponding plot). As with partial graphs, static selection
always obtained worseresults in terms the averagenum-
ber of mutable nodesand the 99%percertile. Moreover,
the averageamount of data read washigh even for small
values of h; for h = 4 (the best for static selection), it
was 60% larger than with dynamic selection. In terms
of e ciency, static selection was better then dynamic
for h between3 and 5, but by no more than 4%.

We interpret these results as follows. Often, one
landmark givesvery good boundsfor the forward seard
and another one for the reverse seard. Both active
landmark selection variants choose these landmarks,
and the dynamic versionnever addsnewones. This case

is easyfor ALT, and the use of more landmarks by the
static algorithm only increasesthe amourt of landmark
data read. In hard cases,for one or both seardhes
there is no landmark that givesgood boundsthroughout
the computation, and somegood landmarks cannot be
determined basedon their s-t distance bounds. Static
selection must guess which landmarks may become
useful, while dynamic selection can wait until is has
more information to make better choices.

Furthermore, Theorem 4.1 does not apply to the
variant of ALT we study. Bad landmarks can \pull"
a seard toward themselwes and away from from the
goal. Dynamic selectiononly picks landmarks that are
better than those currently in use,at leastlocally. The
downsideis that alandmark may becomeusefulbetween
chedkpoints, and the dynamic selectionmethod will use
worse landmarks until the next chedkpoint.

8.2.4 Other impro vements. We now briey dis-
cussthe e ect of pruning and the new stopping criterion
on the performanceof the algorithm.

On the partial graphs,with 16 maxmver landmarks,
e ciency decreasesby roughly 3% and the average
number of mutable nodes increasesby more than 6%
if pruning is not used. The e ect of the new stopping
criterion is also modest on average: both the e ciency
and the number of mutable nodesget only 3% worse if
the old criterion is used? The averageresults for NA
were similar.

Howevwer, the e ects of both improvemerts depend
heavily on the particular characteristics of ead seard.
Take NA, for instance. On more than half of the
seartestested, switching to the old stopping criterion
would increase the number of mutable nodes by less
than 1%. Howevwer, there were searhes where the
di erence was greater than 20%. In 60% of the cases
the number of vertices visited would increase by less
than 1% if pruning were not used, but we did obsene
di erences as high as 164%.

Interestingly, there was no obvious correlation be-
tween the \hardness" of the seart (in terms of the
number of vertices visited) and the e ect of these im-
provemerts. Some seardes visiting more than a mil-
lion vertices were largely una ected, while others bene-
ted greatly. Such diversity wasalsoobsened for easier
seardes.

8.3 Running times. The previousexperiments have
shown that the best approach (among those tested) is
to generate as many landmarks as possible using the

ZSince the standard stopping criterion cannot be used with
dynamically selected landmarks, we compared it with the new
stopping criterion using static selection (with h = 6).



maxmver method and dynamically choosewhich ones
to useduring the actual P2P computation. This section
preseris running times for this algorithm on a Pocket
PC.

The total number of landmarks we could use for
NA was limited by the size of the CF Card we had.
A formatted four-gigabyte card can only hold 3.74 GB
of data. That is enough for 23 landmarks and the
graph data; 24 landmarks would require 3.76 GB. For
symmetry, we also tested the other graphs with 23
landmarks.

Table 8 reports the performance of the algorithm.
Both distributions (bfs and rand ) are considered. For
ead, we tested the algorithm with 1000 pairs on the
partial graphs, and 100 pairs on NA. We ran eadh
experiment twice, with di erent clock speeds: 100 MHz
and 400 MHz. This was done to verify that main
bottleneck of our implementation is not CPU, but
reading the data from ash.

The results con rm this. Reducingthe clock speed
by a factor of four increasesunning times by a factor of
1.68to 1.85. Compare this with Table 1, which shows
that the time to merely read a xed amount of data
already increasesby more than 1.6 when the CPU is
slowved down. This is evidencethat reading the data
dominates the running time.

In a related experimert, we tested an in-memory
version of our algorithm. Each input le (graphs and
landmarks) was preloadedto a separatearray in mem-
ory, and all callsto fread (the C function usedto read
data from the le) were replaced by calls to memcpy
Everything elseremained unaltered: the data was still
readin blocks, decompressedn the y (for landmarks),
and caching was used. In other words, all the over-
head assaiated with an external memory implementa-
tion was still presert. Of course,a \pure" in-memory
implemenrtation of the ALT algorithm (without block
reads, cacing, compression,hashing, and other over-
heads)would be signi cantly faster.

Still, the version we implemented is already one
order of magnitude faster than the external memory
algorithm. On the Pocket PC, the averagetime for
Bay Area (with the rand distribution) was0.40seconds
at 400 MHz (and 1.21 secondsat 100 MHz).3® This
represerts a speedupof roughly 13 when comparedwith
the external memory version, shaving that reading the
data is indeed the bottleneck of our algorithm.

Even though ash card performanceis bad in our
application, running times for our code are reasonable.

SNote that a four-time increase in clock speed makes the
algorithm only three times as fast. We conjecture that this
happens because the change in clock frequency does not a ect
other components|notably RAM.

Local (bfs) queries, which would be the most typical
in navigation software, took a secondor two. For
this distribution, performancedoesnot seemto depend
much on the graph size: queriestake similar amounts
of time on small and large maps (they are only slightly
larger on NA).

For random pairs, on the other hand, running times
clearly depend on graph size. On smaller graphs, the
average time was between 5 and 8 seconds. On NA,
seardes took less than six minutes on average, still
respectable consideringthe size of the data set and the
system limitations. The mediantime (not shown in the
table) was only one minute.

On partial graphs,the e ciency of the algorithm is
roughly the samefor bfs and rand , which might seem
counter-intuitiv e. This is related to the nature of the
ALT algorithm. On a long path, ead seard (forward
and reverse) tends to visit more vertices close to its
origin. The middle portion of the path is often perfectly
\covered" by a landmark, and therefore is traversed
more e cien tly. The seard depicted in Figure 1 is a
good example of this. A seard in the bfs distribution
can be seenas one with no sizeablemiddle portion.

Note that we set M, the limit on the maximum
number of mutable nodes, to two million. With this
value, the program footprint is about 78 MB. This
would be reducedto 15 MB if we used 200000 mutable
nodes, more than enough for the partial graphs. For
NA, onthe other hand, there are casesvheretwo million
mutable nodesare not enough, but Table 3 shows that
this is rare: at least 99% of the seartes visit fewer
vertices. None of the 100 pairs tested on the Pocket PC
readhed this limit.

9 Final

We improvedthe ALT algorithm, developed a memory-
e cien t versionof it, and testedit on a Pocket PC. The
implementation works even for large graphs, with tens
of millions of vertices. Reading data from ash memory
is the bottleneck. On graphscorresponding to local area
maps, our Pocket PC implemertation is fast enoughfor
practical use.

On NA with random pairs of vertices, the imple-
mentation is still somewhatslow, but being ableto solve
problems of this size of the devicein minutes s still an
achievemert. In addition to possible algorithmic im-
provemerts, faster ash cards and interfacesare likely
in the future. Combined with cheaper and higher ca-
pacity ash memory cards becoming available, solving
problemsof NA sizeon small devicesmay becomemore
practical.

Although our implementation is not directly com-
parable to that of [19], we believe that an in-memory

Remarks



mut able nodes eff. data sear ch time

pairs graph avg 99th max | (%) (kb) @100 @400 ratio

bfs Bay Area 582 2040 2248 | 28.2 103 2.07 1.20 1.73
Los Angeles 697 2737 3466 | 26.8 109 2.32 1.36 1.70
St Louis 341 1255 1327 | 42.9 53 1.33 0.79 1.68
Dallas 337 921 952 | 39.1 58 1.38 0.82 1.69
Washington 400 2016 3817 | 42.9 60 1.47 0.85 1.72
North America 441 1785 3188 | 33.4 68 3.92 2.15 1.82

random  Bay Area 3473 14974 15490 | 32.3 505 9.33 5.13 1.82
Los Angeles 5635 35535 49926 | 29.6 650 | 13.04 7.25 1.80
St Louis 5863 36389 37299 | 34.1 561 | 12.26 6.94 1.77
Dallas 8067 46619 53863 | 29.4 726 | 16.17 8.72 1.85
Washington 7154 29491 39680 | 44.9 707 | 14.59 8.00 1.82
North America | 189602 974362 1804161 | 14.7 22397 | 552.35 328.78 1.68

Table 8: Pocket PC runs with 23 maxmver landmarks: number of mutable nodes, average e ciency, average
amournt of data read, averagerunning time in secondsat 100 MHz and 400 MHz, and the ratio betweenthem.

variant of our algorithm will be substartially faster.
Not only does our algorithm visit fewer vertices (be-
cause of higher e ciency), but it also processeseath
one faster (becausethe number of active landmarks is
reducedwith dynamic selection).

We have seen that better landmark selection
sthemescan signi cantly improve the performance. We
believe there is still room for improvemert, particularly
for the NA graph. Developing new landmark selection
schemesis an obvious path for future researd.

Other potential improvemens include a more com-
pact represenation of landmarks (for example, storing
distances only for some vertices and recomputing the
rest) and reusing mutable nodesto further reduce the
footprint of the algorithm. The implementation would
alsobene t from further tuning. We have not performed
extensive experiments to determine the ideal number of
pagesto read at a time, the best size of eath cade, or
the minimum number of vertices visited betweenched-
points. Treating the ash card asaraw devicemay also
improve performance.

An open problem is to analyze the performance of
ALT on interesting classesof graphs and compareit to
(bidirectional) Dijkstra's algorithm. Our approad is
related to using beaconsto estimate distancesin the
Internet [14, 32]. The empirical work on beaconsre-
ceived a theoretical justi cation [27], suggestinga path
to explain the good performanceof ALT in practice.
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